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In the next few chapters we will discuss cosmic ray cascades specifically in the
atmosphere of the Earth. Many of the basrlc 1desad result apply also to many
other séttmgs and probllems of interest th w111 be dlscussd‘later These include
particle rutlo in stellar tosrels and in outflows from active galaxies and
astrophysical explosions, as well as in propagation through the interstellar medium.
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5.1 Basic equation and boundary conditions

The linear development of a cascade of particles in the atmosphere can be described
by a system of equations of the form \
{ dN;(E;, X) Ni(E;, X) Ni(
‘ dX

E.. X
d

Ai i
J ~
[ ) 1),
— ) E; Aj g
j {

(5.1)

Here, N;(E;, X)dE; is the flux of particles of type i at slant depth X in the atmo-
sphere with energies in the interval E to E + dE. Note that X is measured from the
top of the atmosphere downward along the direction of the particle that initiated the
cascade, as shown in Figure 5.1. The probability that a particle of type j interacts
in traversing an infinitesimal element of the atmosphere is dX /A ;(E;), where A ;
is the interaction length in air of particles of type j. Similarly, dX /d;(E;) is the
probability that a particle of type j decays in dX. All three quantities X, A; and d;
must be expressed in consistent units, and we use g/cm?. Energy loss by ionization
is not included in Eq. 5.1 because it is not important for hadrons in the atmosphere
or for high-energy electrons.
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Figure 5.1 Definition of variables to describe the atmosphere. X is the slant depth,
6 is the local zenith angle in the atmosphere at slant depth X, and 4 is the local
vertical altitude. Vertical depth (g/cm?) is indicated on the right. The zenith angle
6 at the detector is larger than 6™ because of curvature of the Earth.
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Interaction length and decay length depend on density of the medium in different
ways. A characteristic length in g/cm? is obtained by multiplying the corresponding
length in cm by the density. Thus

(5.2)

where p(h) is the density of the atmosphere at altitude 4 and n4 is the corre-
sponding local number density of nuclei of mean mass A in the atmosphere. For
a derivation of Eq. 5.2, see Appendix A.3. _ de nd on density cncelout

where y is the Lorentz factor of a particle with rest lifetime 7;.
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The function Fj;(E;, E;) in Eq. 5.1 is the dimensionless partlcle yield that fol-
lows from the 1nclusw Cross section (1ntegrated OVer transverse momentum) for
a particle of energy E; to collide with an air nucleus and produce an outgoing

particle i with energy E < E In general we deﬁne

(5.4)

where dn; i1s the number of particles of type i produced on average in the energy
bin dE; around E; per collision of an incident particle of type j. All quantities
in Eq. 5.4 are defined in the lab system. The relation to center-of-mass quantities
can be derived from the definitions in Table 4.1. From Eq. 4.15 it follows that for
energetic secondaries, 1.e. those with E. » my .

E./E, = x; ~ x™. (5.5)

(We always define CMS as a projectile on a target nucleon even when that nucleon
is bound in a nucleus, because nuclear blndlng energies will usually be much lower
than energies of interest in cosmic ray problems we consider.)
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Some insight into how the cascade equation 5.1 works may be gained by calcu-
lating the spectrum of pi (E) produced by a power-law spectrum of nucleons
(N(E) = K E-(r+] ) p51 througathl rget of thickness dX 'ven in / .
mmg approximation in which the transfer function F;; depends
only on the ratio of the energy of the produced particle to the energy of the beam
particle (x; as defined in Eq. 5.5). Then

dIT(E “ Fy, N(Ey
(Ex) ZJ N (xL) N( A)dEN (5.6)
dX . E; AN
1 (! dx
= N(Ex/x1) Fyz(x1)—5
)"N Jo XL
K (' /x \7 dx
- (_L) FN}t (xL)—QL
)\']V JO E}T 'xL
N(E:) (' N(E,
= ( H)J XZ IFN;((XL)de = ( T)ZNH.
A Jo AN
The spectrum-weighted moment
1 | ;
—1 n)
Zny = J x] " Fygp(xp)dx, = J x) ¥ ~ dx; (5.7)
XL
0 0

characterizes the physics of pion production by a spectrum of nucleons. An
important implication of Eq. 5.6 is that, in the scahng approximation, the pro-
ductlonspectrumo ‘the secndarls has th same or' as the beam' sectrl
Spectrum-weighted moments are discussed further in Section 5.5 of this chapter.
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5.2 Boundarycondltlons |

We will need solutions of the cascade equation 5.1 subject to two physically
important boundary conditions that correspond to two quite different types of
experiments. The boundary conditions are

. “nucleons i
cm?srsGeV/A |

and

(5.9)

where A here is the mass number of an incident nucleus. " 5.8 is relevant for
a detector that simply measures the rate at which particles o oglven type pass
hl’l»lh‘ThC Cxl‘llt pr'law 'approx1mat10n is based on data with prlary
energy less than a TeV, but it is useful as a guide up to a PeV. Eq. 5.9 is the bound-
ary condition relevant for an air shower experlment that traces the development
of a cascade through the atmor "An example snaray of detectors on the
ground with a fast-timing capability that can be triggered to measure the coincident,
extended shower front initiated at the top of the atmosphere by a single particle.
In the case of a ground array, the primary particle has to have sufficient energy to
give a measurable cascade at the surface of the Earth. Cherenkov and fluorescence

detectors can trace the development of showers through the atmosphere.
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solar modulation at low energies
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Figure 24.1: Major components of the primary cosmic radiation from Refs. [1-12
The figure was created by P. Boyle and D. Muller. Color version at end of book.
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5.3 Energy loss by charged particles
Charged particles lose energy by ionizing the medium through which they propa-
gate and by interacting with nuclei to produce secondary radiation. Losses due to

ionization vary slowly with energy, while radiative losses increase in proportion to
energy. This leads to the simple approximate form,

(5.10)

where E is the energy of the particle, dX is the amount of matter traversed, and
the energy loss parameters a(MeV/g/cm?) and &(g/cm?) vary slowly with energy.
The critical energy E,. can be defined as the energy at which radiative losses equal
ionization losses. Then

(5.11)
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Fig. 27.1: Stopping power (= (—dF/dx)) for positive muons in copper as a
function of 8y = p/M¢c over nine orders of magnitude in momentum (12 orders
of magnitude in kinetic energy). Solid curves indicate the total stopping power.
Data below the break at v = 0.1 are taken from ICRU 49 [4], and data
at higher energies are from Ref. 5. Vertical bands indicate boundaries between
different approximations discussed in the text. The short dotted lines labeled
“u~ 7 illustrate the “Barkas effect,” the dependence of stopping power on projectile
charge at very low energies [6].



The parameters in Eq. 5.10, and hence the phenomenology of energy loss,

depend strongly on the identity of the particle and, to a lesser extent, on the proper-

ties of the medium in which they propagate.' In particular, bremsstrahlung losses,
which involve transverse acceleration of the propagating particle, are proportional

to r2 x (m(,/M)2 where re = e?/(m, cz) x 2 818 fm is the classical radius of the
electron and 11,/ M 1 I “th

, Is the ratio of the mass of the electron to the mass of the radi-
ating particle. Bremsstrahlung is the dominant radiative loss process for electrons
and dominates above E.(¢) ~ 87 MeV in the atmosphere The factor (m./m,)>

suppresses bremsstrahlu‘ng for muons of mass m y = 106 MeV by more than four
orders of magnitude. Muons also lose energy by photon-mediated fragmentation
of nuclei, including pion production, and by direct pair production (& + A —
i + A + e” + e7). These have an effect comparable to that of bremsstrahlung.
As a consequence, the critical energy for muons is E () ~ 500 GeV. We will
discuss energy loss by muons in more detail in Chapter 8 in connection with its
consequences for observation of muons underground.

For E » E., the solution of Eq .10 for a particle injected at X = 0 with an
initial energy Ej is

(5.12)

For electrons, & is called theradlatlonlengthoften 'represented by & = Xj. Its
value for electrons is 63 g/cm 1nhydroer'1,"36 g/cm? in water, 37 g/cm in air, 22
g/cm? in silicon and 13.8 g/cm? in iron. -
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Electrons, positrons and photons

The basic high-energy processes that make up an electromagnetic cascade are
pair productlon and bremsstrahlung. The basic formulas are due to Hans Bethe
'93)’[]89] The shower eryﬂ eventually d15$1pated by lonization of the
medium by all the electrons and 51tronsm “the cascade. As g "as we consider
particles with energies large compared to the critical energy, however, collision
losses, and also Compton scattering, can be neglected in calculating the develop-
ment of the cascade. Since both pair production and bremsstrahlung occur in the

field of an atomic nucleus, the processes will be screened by the atomic electrons
for impact parameters larger than the radius of the atom.
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83

On the Stopping of Fast Particles and on the Creation of Positive
Electrons

By H. BeTrg, Manchester, and W. HEITLER, Bristol
(Communicated by P. A. M. Dirac, F.R.S.—Received February 27, 1934)

Introduction

The stopping power of matter for fast particles is at present believed to be
due to three different processes : (1) the ionization ; (2) the nuclear scattering ;
(3) the emission of radiation under the influence of the electric field of a nucleus.
The first two processes have been treated in quantum mechanics by Bethe,
Moller,i and Bloch§ in a very satisfactory way. A provisional estimation
of the order of magnitude to be expected in the third process has been given
by Heitler.|| The result obtained was that the cross-section ¢ for the energy
loss by radiation for very fast particles (if the primary energy E,> me?) is

of the order 2 g
b0 (S, (1
where Z is the nuclear charge.

It is the aim of the present paper to discuss in greater detail the rate of
loss of energy by this third process and its dependence on the primary energy ;
in particular we shall consider the effect of screening. The results obtained
for very high energies (> 137 mc?) seem to be in disagreement with experiments
made by Anderson (cf. § 7).

By an exactly similar calculation another process can be studied, namely,
the “ twin birth ” of a positive and negative electron due to a light quantum in
the presence of a nucleus. This process is the converse of the scattering of an
electron with loss of radiation, if the final state has negative energy. The results
are in exact agreement with recent measurements for y-rays of 3-10 mc?. A
provisional estimate of the probability of this process has been given by Plesset
and Oppenheimer, who also obtain for the cross-section a quantity of the
order of magnitude given by equation (1).

T ¢ Ann. Physik,” vol. 5, p. 325 (1930) ; ‘Z. Physik,’ vol. 76, p. 293 (1932).
1 ¢ Ann. Physik,’ vol. 14, p. 531 (1932).
§ “Z. Physik,’ vol. 81, p. 363 (1933); ‘ Ann. Physik,’ vol. 16, p. 285 (1933).

i ¢ Z. Physik,” vol. 84, p. 145 (1938). Referred to later as L.
9 ¢ Phys. Rev.,’ vol. 44, p. 53 (1933).

¢ 2

H. Bethe and W. Heitler

Proceedings of the Royal Society of
London. Series A, Containing Papers of a
Mathematical and Physical Character

Vol. 146, No. 856 (Aug. 1, 1934), pp. 83-112
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The probability for an electron of energy E to radiate a photon of energy W =
vE in t'versmgdt = d‘X/ X of‘ atmosphels ¢(E | v‘)dtd W1th o "

(5.13)

Here we use the conventional notation of electromagnetic cascade theory and scale
the distance in units of the radiation length, X(. The parameter » in Eq. 5.13 1s

b = (18 In[183/Z'*])~! ~ 0.0122. (5.14)

The encrgy loss rate due to bremsstrahlung is therefore

which has the expected form of Eq. 5.12.
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The corresponding probability for a photon to produce a pair in which the
positron, say, has energy E = uW is ¥ (W, u)dtdu. In approximation A,

(5.16)

Unlike th cse fr emsstalung hichh e harteistic infrared diver-
gence, the pair production probability can be integrated to get the total probability
for pair production per unit radiation length. It is

1
1/ Apair = J v(u)du = 7/9 — b/3 ~ 7/9. (5.17)
0
From Eq. 5.2 the pair production cross section per target air nucleus is therefore

(5.18)
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The Cross sectlon for bremsstrahlung,

' o(v)dv, | (5.19)
‘;’ )‘-brems | J »
is logarithmically divergent at v — 0. ThlS 1nfrared divergence requires special
care when the distributions (5.13) and (5.15) are used as the basis of a Monte Carlo

calculation. Basically, a simulation consists of choosing randomly the distance a
photon (or electron) propagates from an exponential distribution with character-
istic length A, (Or Aprems), then splitting the energy randomly according to the
distribution 5.16 for pair production or 5.13 for bremsstrahlung. A cutoff proce-
dure must be introduced for bremsstrahlung to handle the infrared divergence. The
procedure must be tailored to the application, but basically it consists of using a
cutoff, v, chosen so that v, Ey € Ey,, where Ey, 1s the lowest energy of interest
in the problem.” At low energies, incomplete screening, energy loss by ionization

and Coulomb scattering must also be included. Standard packages for calculat-

ing electromagnetic cascades in a user-defined, complex medium are the programs
GEANT [191], EGS [192] and FLUKA [193].
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5 . 4»1 ‘ Cascadee / uations |

The coupled equatlons for electromagnetlc cascades are an instance of Eq. 5
They are ' ‘

plotons at (5.20)
deptt ¢
and
d Eat x d e—e
dr _ _=(E,1) +J 7(E, 1) —=¢ GE! (5.21)
dr )\brems E Edt

+2 JOO (W', 1) dy—e gy
E VAU 4Ed ’

where y (W, 1)dW is the number of photons in dW at depth  and 7 (E, )dE is

the number of e~ in dE at depth 7. For energies that are large compared to the

critical energy, collisional losses and Coulomb scattering can be neglected and the

scaling functions 5.13 and 5.16 can be used. This is Approximation A.
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roximation A. With the

identifications,
dn 1%
L = (=), 5.22
dn E
=y (— 5.23
aear U w?) (:4%)
and
Aeze g B (5.24)
dEdt E'" '

dmr T ! E dv L E du
d_ = — -+ J JT( ,t)¢(v) -+ 2[ )/(—,f)lﬁ(u)— (526)
[ Abrems 0 1 —v 1 —v 0 u u

The first two terms on the right side of Eq. 5.26 must be combined (using the
relation 5.19) to remove the infrared divergence at v — 0.
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5.4.2 Power lqw solut_ions

By direct substitution it i1s straightforward to show that Egs. 5.25 and 5.26 have

solutions of t for 3 -

Fy(W.t) = fy(t)W—( |
in which the eec t 'e'.'iig these trial
forms into Egs. 5.20 and 5.21 and changing to scaled energy variables gives

0 and w(E, 1) = fo()E~CFD ]

(5.27)

(5.28)

K

and

fu0) =~ |

0

1 1

[1— (1 —v)'|p(v)dv + fy(t)ZJO w Y (u)du. | (5.29)

Because of the scaling form of the differential cross sections of Eq. 5.23, which
depend only on the ratio of the energy of the produced particle to that of the incident
particle, the energy dependence cancels out and we are left with ordinary differen-
tial equations for the dependence on depth. Note also how the infrared divergence
cancels in the first term on the right-hand side of Eq. 5.29.
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The integrals in Egs. 5.28 and 5.29 are spectrum-weighted moments of the cross
sections for bremsstrahlung and palr productlon Analogous quantities called Z-
factors appear in the solutions of the cascade equations for hadrons, as discussed

later in this chapter.’
Table 5.1 gives some values for the spectrum- weighted moments and other

pmetrsof electroagntl cascade theory in the conventional notation of [ 194].

Table 5.1 Definitions used in cascade theory

Quantity Conventional notation s = 1.0 s = 1.7
1 /Apair oo ~ 7/9 0.774 0.774
fo[1 = (1= v)*]p(v)dv A(s) 1.0135 1.412
2 usyr (u)du B(s) (= Zy—e) 0.7733 0.5842
{3 v (v)dv C(s) (= Zewsy) 1.0135 0.5666
root of Eq. 5.33 ri(s) 0.0 —0.435
root of Eq. 5.33 r(s) —1.7868 —1.751
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Table 5.1 gives some values for the spectrum-weighted moments and other
parameters of electromagnetic cascade theory in the conventional notation of [ 194].
In terms of these definitions, Egs. 5.28 and 5.29 may be rewritten as

(5.30)

and
5+ AG)|50) - BO) £ = o (531
slvmg Eq. 5.30 for f,, nd substltuu the result into Eq 31 we get a second

.; dleralet for fr Slmllrl,sutltutln 'y'om Eq. 5.31 into
Eq 30, we get the equatlon for fy Both f»(7) and f, (¢) satisfy the same second
order differential equation,

" + (A+09)f + (Aoy — BC) f = 0, (5.32)

which has elementary solutions of the form focexp(ir), where A(s) satisfies the

quadratic equatlonwobtamed by substitution of the exponential form into Eq. 5.32

A2 4+ (A+o09)A + (Aoy — BC) = 0. (5.33)

Jorg R. Hérandel, APP 2019/20
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The roots of Eq. 5.33 are

2x1(s) = —[A(s) + oo] + {[A(s) — 00]* + 4B(s)C(s)}

B v

(5.34)
and

20(s) =

)

~[A(s) + 00] — {[A(s) — 00]* + 4B(s)C(s)}2.  (5.35)

The solutions, f,(f) and f;(f), are linear combinations of the elementary solu-
tions exp|A?| and exp|i,t| appropriate for the boundary conditions at injection

For example, for a power-law distribution Ofln_jCCth photons wnth y
f y( )W 5+') 'at the top of the atmosphere

s 0 —

fo(t) = ny( ) {eklt e

Pl 5.36
— } (5.36)

/nt} i

(5.38) §
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For depths greater than one radiation length, onl the ﬁrst term 1s 1mportant With
the umerlalValues”fromTableS 1 for' "— s = ‘l 7 o

,‘ dyge- N lclgfy( 0) E~27 e —,5.485 | (5.39)

where the depth in Eq ?9 s expressed in g/cm Note that fors = y = 1,
A(s = 1) = 0 and there is no'tenuatlon”Tlls an unsustainable situation
because an input spectrum with an E~! integral spectrum has a logarithmically
divergent energy content.

We will return to properties of solutions of the electromagnetic cascade equation
for §-function boundary conditions in connection with the discussion of air showers

in Chapter 15. ¢ee wert lecture, electromaguetic cascades
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5 5 Nucleons in the atmosphere

The simplest version of Eq. 5.1 that corresponds to a physically realistic (and his-

torically important) measurement is an approximate form for the propagation of

dN(E X) N(E,X) (® N(E',X) dE |

r + FNN(E E) ‘V (540)
e KN(E') E .

Here N (E X )dE 1S the flux of nucleons (neutrons plus protons) at depth X in
the atmosphere. As 1n te eletomagnetlc case, 1t pSSlblC to find elemerar)

X __E)

solutions 1n 1cth edn on enrg an h' ft01zes 'N(E, X)
G(E) g(X). Substitution of the factorized form into Eq. 5.40, together with a

change of variable from E’ to x; = E/E’, gives
o Jl G(E/XL) FNN(XL, E) de ./
0 In(E/xp) x7

(5.41)
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This separates to

g’ 1 1 Jl G(E/xy) Fyn(xr, E) dxg
0

—_— — +

542
¢~ @ TeE 542

In(E/xL) x;

If we define a separation constant —1/A, the solution of the differential equation
for g(X) is written

t )tht 1 llnénn't " In gehera bause W copllcated |

constraint placed on G(E) by Eq. 5.41, the elementary solution does not corre-
¥ spond to either of the physically significant boundary conditions, Egs. 5.8 or 5.9.
We show next, however, that it is approximately valid for the power law boundary
condition (Eq. 5.8).
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>.5.1 Approximation A for hadrons

In electromagnetic cascade theory the form of the equations in which energy loss
by ionization is neglected, the radiation length is independent of energy, and the
inclusive cross sections for pair production and bremsstrahlung scale are called
Approximation A. It 1s valid for large energy. We have just seen in the previous
section how these conditions on the cross sections allow power-law solutions.

For hadrons the analogous approximations are

(5.44)

. Ay(E) — Ay = constant ‘,

and

| Fyw(xe, E) > Fyy(x.)- § (5.45)

In fact, the interaction cross section (and hence Ay ) varies slowly with energy, and
the assumption of hadronic scaling (Eq. 5.45) is also violated. These energy depen-
dences are mild enough in practice, however, that the solutions in Approximation
A are useful over limited energy ranges, at least as a guide to more detailed results.
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This 1s nice because, to a good approximation, the power-law solutions of

approx1mat10n A for hadrons satisty the boundary condmo 1mposed by the
i ‘SO =

primary cosmlc ray spectrum For nucleons as_app rox1mated by Eq.

solution is

we htnuclo”ﬂus in the atosr hé the saeergypectrumas the
primary cosmic r to the extent that cli is valid. This connection between
scaling for hadronic cross sections and the spectrum of hadrons in the atmosphere
was recognized already by Heitler & Janossy in 1949 [195, 196]. Like Feynman 20
years later [ 140], they motivated the scaling form for pion production by nucleons
by analogy with bremsstrahlung of photons by electrons.
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In general, the spectrurn welghted moments of the 1nclus1ve Cross sectlons Jj +
air — 1, | T T '

(5.48)

determine the uncorrelated fluxes of energetic particles in the atmosphere [197,
198]. For y = 1, it follows from Eq. 5.4 that Z;;(1) is simply the average fraction
of the interaction energy that goes into particles of type i in interactions of particles
of type j. For y > 1 the contribution to the moment from x; — 0 vanishes. Thus,
for a steep primary spectrum, the uncorrelated fluxes depend on the behavior of
the inclusive cross sections only in the forward fragmentation region (x* > 0 in
Eqs. 4.15 and 5.5). This is why the ©™ /™ ratio remains large and greater than 1,
which we will discuss in Chapter 6. It 1s also why Approximation A remains useful
for uncorrelated fluxes of energetic particles, because hadronic scaling (Eq. 5.45)
is more nearly valid in the fragmentation regions than elsewhere.

For later reference, we give here a table (Table 5.2) of spectrum-weig

Z-factors from Ref. [199] are tabulated for y = 1, ¥ = 1.7 and ¥y = 2.0. For
comparison, we also show the Z-factors at y = 1.7 for the first edition of this
book [200] and for a new version of Sibyll [155]. Since the primary spectrum is
not a perfect power-law over the whole energy region, it is also important to see
how the Z-factors depend on spectral index. This is shown in Figure 5.2 for inte-
gral spectral indexes between y = 1 (momentum fraction) and y = 2.4 (above the
knee).
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Table 5.2 Spectrum-weighted moments at 1 TeV

Index y =1 y = 1.7 y =2.0 y = 1.7
p-air Ref. [199] Ref. [200]
70 (+n) 0.206 0.0459 0.0279 0.039
T 0.206 0.0489 0.0302 0.046
T 0.156 0.0324 0.0191 0.033
K™ 0.030 0.0071 0.0044 0.0090
K~ 0.018 0.0036 0.0021 0.0028
K; + Kg 0.043 0.0092 0.0054 -
p+p 0.217 0.126 0.107 0.263
n+n 0.114 0.052 0.040 0.035
Index y = 1.7

Sibyll 2.3 [155] p-p p-air T -air K T -air
70 (+n) 0.035 0.039 0.054 0.042
T 0.041 0.040 0.206 0.058
T 0.25 0.026 0.043 0.033
K™ 0.0088 0.0083 0.012 0.135
K~ 0.0024 0.0026 0.0061 0.0055
K; + Kg 0.0087 0.0088 0.0018 0.064
p+p 0.253 0.185 0.0096 0.011
n+n 0.089 0.077 0.011 0.0084
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Figure 5.2 Spectrum-weighted moments calculated with Sibyll 2.3 [155]. Shown
is the dependence on the integral index of the power law of the primary protons
interacting with air at 1 TeV.
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PHYSICAL REVIEW D 80, 022002 (2009)

New method to measure the attenuation of hadrons in extensive air showers

The energy reaching the observation level

in the form of hadrons ) Ej is measured with a hadron
calorimeter. The fraction of surviving energy in the form of
hadrons is defined as

E
R= 2 a. (1)
E,
The attenuation length Ag is then defined as
X
SEy =E, exp(— —) (2)
AE
or
X
R = - 3
eXp( AE> (3)
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FIG. 1 (color online). Fraction of energy X E};/E, reaching the
ground in the form of hadrons as a function of estimated primary
energy E, for all data and for selections of light and heavy
primary particles.
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FIG. 4 (color online). Attenuation length Ag as a function of
the estimated primary energy. The light and heavy groups in the
measurements are compared to simulations of showers induced
by primary protons and iron nuclei using CORSIKA with the
hadronic interaction model QGSJET 01 (a) and a modified version
with lower cross sections and higher elasticity [(b), model 3a in
Ref. [25]].



5.5.2 Fluxes of neutrons and protons

Eq. 5.46 gives the total flux of neutrons plus protons. The corresponding solutions
for n and p separately depend on the four moments

Zyp = Znpy and Z,, = Z,),. (5.49)

These two independent parameters can be expressed in terms of two independent
attenuation lengths:

A =Ay=an(1—Zyn)"" and A_=an(1 —Zpp +Zpm)~ ', (5.50)

where Zyy = Zpp + Zpy. In Approx1mat10n A, the ratio of neutrons to protons is
.‘ i(X‘ T s exp" X/A») 1
| p(X) 1+ exp(—X/A%) |
Here §) = ( Po — no) ( Po +no s the'felatlve oto exces at the topof the
atmosphere and A* = (A+ —'A' ” . Eq. 5.51 1s derived by writing

(5.51)

coupled equations for neutrons and protons and solving them for n(E, X) and
p(E, X) in Approximation A, neglecting production of NN pairs.
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56 Hadrons in the atmosphere

Smce all typesof adrons can be produced when an energetic hadron of any flavor
interacts, the set of coupled tranrt equations 'rpesent by Eq. 5 5.1 is needed to
describe hadron fluxes in the atmosphere in more detail.

A direct way to handle a detailed treatment of particle fluxes is with a Monte
Carlo simulation or a numerical integration of the transport equations. A study of

analytic solutions is useful for qualitative understanding and to check numerical
results. We will also use the analytic forms in Chapter 6 to derive approximate
formulas for the fluxes of atmospheric muons and neutrinos.

For this purpose it is sufficient to look at Eq. 5.1 in the plon—ncleon and kaon—

nucleon sectors, neglecting nucleon—antinucleon vproductln as well as the 'coullng

between pions and kaons and the couplings to other channels. Then we have to
consider only Eq. 5.40 together with a simplified equation for the pion fluxes of
pions and kaons. For example, for the sum of 7r+ and 7T~ we can write

" ) P v £/ |
}"H(E/'XL) &

N(E/xp) Fxz(Ex, Ex/xp) dx
}»N(E/XL) xl%

The eo kaons has the same f.'he deylen is obtained from
Eq.5.3
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The relation between altitude and depth 1S shown in Figure 5.1. X is the slant
depth along the trajectory of a high-energy particle entering the atmosphere with
zenith angle 6 as seen from the ground. The cascade of particles develops along
the direction of the vector X, and 6* is the local zenith angle at a point along the
trajectory at altitude 4. In general, 6* < 6 because of the curvature of the Earth.
For angles not too large (6 < 657), the flat Earth approximation can be used, and
the distance to the point at 4 is £ = h/cos 0.

30 10 g/cm2
£ 25 | i
2 20 | -
8 15 F 410°
2 10 | -
< 5} -

0 103

—20 0 20 40 60 80 100

Distance (km)

Figure 5.1 Definition of variables to describe the atmosphere. X is the slant depth,
9* is the local zenith angle in the atmosphere at slant depth X, and /4 is the local
vertical altitude. Vertlcal depth (g/cm?) is indicated on the right. The zenith angle
6 at the detector is larger than 8* because of curvature of the Earth.
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The relation between altitude and depth is shown in Figure 5.1. X is the slant
depth along the trajectory of a high-energy particle entering the atmosphere with
zenith angle 6 as seen from the ground. The cascade of particles develops along
the direction of the vector X, and 6* is the local zenith angle at a point along the
trajectory at altitude 4. In general, 6* < 6 because of the curvature of the Earth.
For angles not too large (6 < 657), the flat Earth approximation can be used, and
the distance to the pointat 4 is £ = h/cos6.

In general, the relation between vertical altitude (4) and distance up the
trajectory (£) is (for £/Rg « 1)

2

1 ¢
h =~ € cosf + —— sin> 6, (5.53)
2 Ry

where Rg 1s the radius of the Earth. The corresponding slant depth 1

- ) de. |
| e 2R

h = €cosf + —— sin’ 6

(5.54)
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The pressure at vertical depth X, in the atmosphere 1s P = gX v, where g 1s the
gravitational constant. The dn51tyls p = —dX L/dlz Thus

(5.55)

where the last step follows from the 1dea1 gas law For dry air with 78.09% nitrogen,
20.95% oxygen and 0.93% argon, M = 0.028964 kg/mol. Rewriting Eq. 5.55 as

dIn(X,) - Mg

T = (5.56)
leads to an exponential solution for an isothermal atmosphere
(557
with a scale height 3 - -
ho = E — 29.62 m/K x T. (5.38)

For example, for a typlcal temperature in the ]ower stratosphere of 220 K, the scale
height 1s ~ 6.5 km. At sea level the total vertical atmospheric depth is Xo =

1030 g/cm?.
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In reality the temperature and hence the scale height decrease with increasing
altitude until the tropopause (12— 16 km). At sea level ho =~ 8.4 km, and for 40 <
X, < 200 g/cm?, where production of secondary particles peaks, iy ~ 6.4 km. A

useful parametrlzatlon of the relatlon between a1t1tude and Vertlcal depth (due to
M. Shlbata) 1s | ' | |

:‘ 47.05 — 6.9 In X, + 0.299 In? X, ' <25g/em>
hy(km) = { 45.5 — 6.34 In X, 25 < X, < 230 g/cm’
' 44.34 — 11.861(X,)*", X, > 230 g/cm?.

(5.59)

The den51ty and atmospherlc depth 1S tabulatedas functlon of helght fo the US
standard atmosphere [201] in Appendix A.7.
For 6 < 65° the second term in Eq. 5.53 can be neglected, and Eq. 5.54 can be

evaluated to obtain
(5.60)

m,c*hg myc? 1 RT

EcrnX cosO EX cosBch Mg EX c056

Eqv 5.52. 1si trdeeds trelatlv size of M cs' and E '(asmlng
m, and similarly for other particles. Since most particle interactions occur
in the first few interaction lengths, we summarize the decay constants for various
particles using the high altitude value of hy =~ 6.4 km in Table 5.3.
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Decay or interaction dominates depending on whether 1 /dy or 1/Ay is larger in

X & Ayr), and similarly for other particles. Since most particle interactions occur
in the first few interaction lengths, we summarize the decay constants for varlous
partlcles usmg the hlgh altltude value of ho ~ 6 4 km in Table 5.3

Table 5.3 Decay constants for various particles

Particle cT (cm) € (GeV)
nt 6.59 x 10* 1.0

n¥ 780 115

70 2.5 x 1076 3.5 x 1010
Kt 371 850

Kg 2.68 1.2 x 10
K; 1534 208

D+ 0.031 3.7 x 107

DY 0.012 9.9 x 107
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5.8 Meson fluxes

In the limit that £ » €5, decay can negltd Then the scaling limit solution of
Eq. 5.52 subject to 'theboundry condltl I(E O) = 0, is

’ l_ _,ZN,N Ay

The rnornents Z(,C are deﬁned in Eq. 5 48 and the attenuatlon lengths are related to
the interaction lengths by

(5.63)

The solution for charged kaons is the same as for charged pions with subscript 7
replaced by subscript K. Interaction and attenuation lengths in the atmosphere are

glven in Table 4 based on cross sections and Z- factors of Slbyll 2.3 [155] see

Table 5 4 Atmospherlc mteractzon and attenuatlon lengths for

& y,
Eyab (GeV) AN AN e Ax Ak Ak
100 88 120 116 155 134 160
1000 85 115 111 148 122 147
10000 79 106 101 135 110 133
100000 72 97 87 114 95 114
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5.8 Meson ﬂuxes

In the limit that > €x, decy can negltd Then the scaling limit solution of
Eq. 5.52 SUb_]CCt to"theboundry' condltl' I(E O) =0, is

The rnornents Zac are deﬁned in Eq 5 48 and the attenuatlon lengths are related to
the interaction lengths by S _

(5.63)

The solution for charged kaons is the same as harged pions with subscript
replaced by subscrlpt K. Interaction and attenuatlo  lengths in th atm re are

atmosphere to a maxrmum at

X = ln(An/AN) (ANAN)/(AN AN) ~ 140 g/cm ‘f’ (5.64)

It then declmes eventually wrth attenuation length A Thls behav10r is character-
istic of secondary fluxes in the atmosphere when decay can be neglected.
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Before going on to consider the solutions at lower energy, where decay i1s impor-
tant, 1t 1s instructive to consider the sum of all hadrons at high energy. Within the
s1mp11ﬁed eouphng scheme we are usmg, thetotalﬂux of hadrons ls" .

1 — ZNN AK — AN

Let us now consider Eq. 5 ()5 for a very ﬂat spectrum y = 1 This corresponds
to the normal solution in electromagnetic cascade theory. Let us further artificially
treat the ¥ as stable instead of feeding its electromagnetic componentW
yy. Then by energy conservation Z,(y = 1) = 1. Also, since in this artificial
example we neglect K — mand K — N, Zgg = land Zyy + Znz + Zyg = 1.
Thus the expression in square brackets in Eq. 5.65 1s 1, so an incident sEectrum
1y = reerves 1tslf 1thu atteu10n Note, however, that this requires
infinite enery the energy contained in a spectrum is

dN
— —(y+1)
JE[dE]dEOC JE[E 4 ]dE, (5.66)

which is logarithmically divergent for y = 1.
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version of Eq. 5.52 is

Lo Vne. x)
iy E X cosf ’

dx ;
+ J (E/x1, X) Far(60) "

L
(5.67)

ZNJT

N(E,0)e X/Av,

An explicit approximate expression for the solution can be found if IT1(E, X) is
replaced under the integral in Eq. 5.67 by a factorized form which is a product
of E-+1 and a function of depth. The motivation for this trial form is that the
driving source term in Eq. 5.67 is proportional to the nucleon flux, which has the

E—r+1) dependence on energy.
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With this ansatz Eq. 5.67 becomes

The effect of thls Egrommatlon is to represent the ) t¢ lon and regen-
eration in Eq. 5. 67 by a single attenuation term 1thattenuatlo len th The

last term in Eq. 5.68 1s the rdction spectrumhof pions by nucleons. The exact
solution of Eq. 5.68 is

ligh-energy limit (X'/X)“/5¢% — 1 Eq. 5. ) Eq. 5.62. In the
low-energy limit E cos 6 < €, so (X’ )’T | 11 except for X' near X. In
this low-energy limit therefore one can set X ’ = X in the exponential and Eq. 5.69
becomes

(5.70)
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